UDC 539.4

STATISTICAL PROPERTIES OF INHOMOGENEOUS SOLID MEDIA ;
CENTRAL MOMENT FUNCTIONS OF MATERIAL CHARACTERISTICS
PMM Vol.42, N 3, 1978, pp. 546- 554
A,G,FOKIN
(Moscow)

( Received July 11 ,1977)

Statistical properties of multicomponent inhomogeneous media are investi -
gated, A general definition of the concentration and coordinate functional
structure of central moment functions of material characteristics is presented.
It is established that such functional structure is highly sensitive to differences
in statistical properties of components, The class of symmetric media for
which central moment functions are greatly simplified are considered.

1. The term material characteristics, as used here, comprises quantities of the type
of tensors of the elasticity modulus, of permittivity and, also, scalars such as density,
specific heat, etc, For simplicity of presentation tensor indices of material character-
istics are almost everywhere omitted.

Let there be a random tensor field A (r) (for instance, of elasticity moduli)}. Ex-
tending the characteristic functions derived in [1, 2 ] for two-component media to the
case of arbitrary number of components, we obtain

Lrel, izt

N
FO=10 ev, Su,=v (L.1)

i=1
where U; is the region occupied by the i -th component and N is the number of com-
ponents, The characteristic function f, for the first component is determined by the
obvious equality

N
D fi(r) =1 (1.2)

i=1

The separation of the first component is not due here to any specific reason, We
shall, however, always have in view the matrix medium in which a particular part is
played by at least one component-matrix, as the simplest example of such medium,

Using (1. 1) we define the random field A (r) by the formula

N
M) = oo 3 AN (1) =Ry + Aifir), Ahi=Di— My (1.3)
=2
where A; is the value of A for the i-th component,
The fluctuation A” of field A is
A (r) = Ahif7 (v),  x” (r) == 2(r) — {x(r)) (1.4)

where angle brackets denote statistical averaging.

The random field A (r) may be specified either by moment or central moment
functions of various orders. The moment function of order @ of field 3 is by definition
of the form [3,4]
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M‘ﬂ (Rn) == <[}" (1‘1) ®]m,, . p" (rn) ®]mn>’ Rn = (1‘1, T2y 0009 r'n) (1: 5)

For the central moment function of order @ we correspondingly have

o (Rp) = IV (1) @19t - [V (1) @12, 0= ) o, (1.6)

a=]1

In (1,5) and (1, 6) the symbol (X denotes a direct tensor product.,
It is readily seen [ 5] that the use of characteristic functions f; makes it possible
to reduce the calculation of Mo to the determination of function

Toa BRI = G f5(va) - - e (B, R F =, ) (1)

which has the meaning of probability that points rli, r52 y + -+, I,* belong, respec-
tively,to regions U;, U, . . ., U, where {,j, ..., k== 1. The additionalsuper-
script at the radius vector indicates the region to which the respective point belongs.
The introduced function was similarly investigated in [2] in the case of two-component
medium,

The probability P;}'_.k is invariant with respect to the simultaneous permutation
of coordinates of points and of indices. Furthermore they have the following properties:

N
ij...k — 1.8
3 P (RE) = P (R -8)
3
Pioa LaRy e L) = PL (R 1), r= rql
P am. xRS R = P (RY ) Pht (R
Tm.k
Rty = (rhy . . oo 1)
where the vertical stroke separates the groups of points Rg¥-- and ﬁ,’:‘;gk which
are at infinitely great distances from each other; the total number of indices ij . . A
is ¢, and the number of indices /...l and m .. .k, and also the number of vari~
ables ¥, ..., T is (n — gq).
Below we assume that the field f; (r) is statistically homogeneous and isotropic,

because of which functions Pj; , are invariant with respect to translations and ro-
tations. Hence

N
Piriy=uv;, v =Vi/V, V=V; (1.9)

i=1

where v; is the volume concentration of the i-th component.
Using (1.8 ) we similarly represent P;;* in the form

P (rh 1)) = vibigo (riy 1) + v (e ), his 1 (1.10)

where , as in (1,8 ) summation is not carried out with respect to the twice occuring in -
dices, and functions @.,* satisfy conditions

@o? (rf, 1) = @2 (it | 1) = 1, @ (1} rd) = @3 (rif, r}) = 0 (1.11)
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If certain constraints are imposed on field f; (r), functions @,* can be obtained
in explicit form [5].
Extending (1. 10) to the case of arbitrary r in the notation of (1.8 ) we have

n—1

P k(R )~ZZ vl g (RE 5 Ry " (1.12)
PP=1, 4. k1

N s
vh k=5 ..0; ) UpOmp - - -Okps RY-F = (R” 4 SR

p=2

where functions ¢," have ¢ separated points, and summation is carried out over all
nonidentical permutations of ¢, , i.e, of the first 7 (in this case of all) points with
simultaneous permutation of respective indices. The asymptotic formulas for these
follow form (1.8 ) and are of a form similar to (1.11).
Note that function @n-; does not contain the separated point.
In the opposite case, taking into account the total symmetry of Vij.k = Uilj
- - Vg, they are symmetrized owing to the action of 0.
As an example , we adduce the formula for the three-point probability

N
P (e ra, l‘sk) = @o® (1}, 14/, 15¥) 3 VpOipdipdip 4 (1.13)

N p=2

@1 (1 12, 1) v D) vpd;pOkp +
P;‘l

@8 (rzj; rs¥, 1o') vj 2 Up0ipbpp -+
p]‘v—‘2

9.3 (r3"; 1, 1) vy pZ Updipdip = ViUUr@® (vl 15, 15

Functions @," introduced in (1,12) can be associated with various probabilities.
Thus, for instance , the probability that point r;’ belongs to region U,, while points
r,’ and r;¥ belong to region U,, according to(1,13), is

Pl (Rg) = o393 (F1; Ta, Ta) + UalsUss® (R) (1. 14)
and simultaneously function ¢,3 determines the probability that all three points be-

long to different regions
Plas (Rs) = vavsvay® (Rg) (1,15)

In addition to probability P%;. k. which has the meaning of the n-th order mo-
ment of field /;, it is expedient to introduce in the analysis its central moment

T3 REF) = <F () 177 (v} - " (1)) (1.16)
related to P x by the formula
T3 xR =3 D (— )%w; ... 0P e (Rnsg ™) (.10

¢, a=0
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The summation in (1. 17) over permutations of 7 pomts results in the appearance
of N, = n!/[k! (n— k)!] terms of the form ViVj....0;Pm_x whose dependence
on coordinates is determined by the respective set of (n — q) points from the full set
of 7 points,

m The calculation of central moments W, reduces to the determination of functions
1.0 ke

2, We transform functions P?L__k and T?j.“k so as to obtain their explicit ex-

pressions in terms of dispersion D:’, & of the characteristic function fi- By dispersion

D,J k we undexstand the value of functions 77;.. xwhenr) = r) = ... = 1.k,
i, e. when R” = Q.
Taking into account that according to (1.7) or (1.12)
N
2.1
Ph k0= v,8:i58ip- - - Osp (2.1)
p=2

from (1. 17 ) with allowance for definition (1. 12 ) we obtain

D x=T5. 2 2 (— 1)f (2.2)
In what follows we shall need functions
— q —
7" (Rgs Ruog) = 6220 " (Re; Rny) (2.3)
=

ﬂoo = ﬂ]_l = 1, ﬂg-l =0

a—— q —
T (R Rog) = g‘,gﬂ (— 1)t ap o (Pgmtirs -+ s ¥giRacg)
=

T =Tyl = Tny =0
where in order to avoid clumsiness of formulas superscripts at radius vectors are omitted.
Functions (2,3 ) satisfy certain limit conditions implied by (1.8 )inthe meaning of (1. 11),
From this , for instance for 7 = 2, we have
o* (Rg) = 7o* (Ry) = @o* (Ro), 71" (Ry) = @ (Ro) + 01*(Re) (5 4,
122 (Ry) = mo° — myt (ry) — 73t (1) + 7,2 (R) = ;.2 (Rg) — 1
Using (2, 3) functions (1.12) and (1. 17) can be reduced to the form

PH. x(RJ™ )—Zzomv, oD (RS Ray) (2.5)

T?Jk(R;zk) = 02‘120 (_ 1)/1 Uil)} U[Dm qun (R}IJ 4 R"—II )
n d=

The advantage of formula (2,5) over (1.12) and (1. 17) is in that in it dispersions
of the characteristic function appear in explicit form, which is particularly convenient for
the calculation of We. Below we consider central moments Wy in the case when all

=1

a .
Using the definitions (1,4 ), (1,6),and (1. 16) we obtain

woa(R)=p.(Ry) =T5 xR HAAL QA ®...QA  (2.6)
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where summation with respect to indices i, j, . . ., ¥, which denote the component
ordinal numbers, is assumed to be from two to V. The substitution into this formula
of the expression Tz}_,,;, in (2. 5) yields

n
Wn (Rn) = 2 E (_ ,1)«1 i, . 0 X (2.7)
Op @=0
DAL QAL ® ... ® Al (REH R
We use (2.7) for defining the second order central moment of the tensor field Aq,
where o is to be understood to represent the totality of tensor indices of field A, From
(2.7) we have

tap (Rz) = [viw; 722 (RyY) + D; 21 (RV)] AligAhyy (2.8)

Because summation in formulas (2, 7) and (2,8) is carried out with respect to co-
ordinates, the dependence of central moments of field A on coordinates and tensors is
not separated. It should also be noted that functions T,", as well as functions ¢.",
depend not only on coordinates of points which determine the dependence of Wxon co-
ordinates but, also, on that to which components belong the points contained in T,"
Thus in the general case 1,° (rl , o) 5= 152 (vy, 15"),when § + ].

The dependence of 7T,” on component indices may be due to their differences re-
lated to the spatial distribution and to the shape of regions occupied by components,
Furthermore it may be due to incomplete definition of the dependezce on concentration
by coefficients p,p; . . D2y in(2.5).

Let the considered medium be such that function T,  is symmetric with respect

to permutations of indices of components when the position of points Iy, Tz, . . ., Iy is
fixed. Functions y," then satisfy the condition
1 -
an(R}IJ R = 1" (Rg; Romy) (2.9)

which we shall call the condition of symmetry, It results in that the differences in
statistical properties of all components, except the first, reduce in conformity with (2, 5)
to their concentration, A similarcondition can alsobe formulated for functions ;"

Condition (2, 9) considerably simplifies the expression for the central moment fi,.
The substitution of (2, 9) into (2.7) yields

pr’ (Ry) = ZZU& DY, (R R,sy) (2.10)
(1’-0
(A" = —v;Ah;, DI =, (0))

where the first of equalities appearing in parentheses follows from (1.4). The super-
script at W is shown here for stressing the importance of the first component, A medium
that satisfies conditions (2, 9) and (2. 10) is called below almost symmetric.

The described above determination of function Hy, obtained with the use of char-
acteristic function (1. 1), may also be effected by using functions of the form

1P () = brste sz (2.11)
O,rel, NU,=0U
i1
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Function (2, 11) defines the same medium as function (1. 1), hence the result of
calculating M, must evidently be the same, However in order to represent [n in the
form (2, 7) it is necessary to bear in mind that functions 7T," are,generally speaking,
different, AM; = A; — Ap, and summation with respect to subscripts i, j, . . ., &k
excludes the p -th component,

In the case of almost symmetric medium the calculation of s by (1. 1) yields
(2. 10), while the use of (2, 11) leads to an expression of the form (2.7), Hence when
the medium contains a component whose statistical properties differ from the remaining
it is important to properly select the chsracteristic function, This must be done so that
the separated component would have that singularity.

Let now the medium be such that condition (2. 9) is satisfied for functions 't:q“
determined by (1,1}, as well as by (2, 11), Then instead of (2. 9) we have

pa’ (Ry) = 2 Z M R DVt Ry Rosg), i=t+n  (212)

n =0

A medium for which the central moment can be represented in the form (2.12) is
called symmetric, For such medium the use of the superscript is devoid of any meaning,
Taking into account that any of uﬁf) can be taken as [, we write
N

b (Be) =3 v (Rp) = <in (Ro)D

The substitution into that formula of (2,12) yields

Ba(Rp) = 2 3, DPDE, (R By (2.13)

O 4=

Dé’“’s v A R

uMz

Functions 7%, that correspond to (2.13) are of the form

n
Th c(Ro) =D 2 D aDmd vy Ry Reeg)y 122 = 0 (2.14)

Gﬂ q=0

It can be shown that 1,2 is zero by using the condition implied by (2, 13) similar
to (2. 9) imposed on T ",
For n = 2,3, 4 forthe tensor field A, from (2.13) we have

tap (Ra) = DERTe? (Ra), papy (Rs) = Digytee (Ry)

Tos" =To" + T

Hagvs (Rs) = Dyt (Ry) -+ DEIDS T 2s® (T1, T2 T3, Ta) +
D(")Déo)tgs‘* (ry, T3 Ty Ty) + D(M 1:23 (ry, T4; Ty, 13)

Togh (Tiy T Ty Bp) = 040y, 1551y, 1)) + T (v, T3 1, 1)
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The explicit form of functions Ty was obtained in [ 5] in the course of analysis
of a random tensor field of the Markovian type, In summarizing the obtained results it
is necessary to stress that the invariance (either partial or total) of the medium with
respect to inversion (of all or a pajt) of components leading to (2,13) or (2, 12) con-
siderably simplifies the form of central moments and their dependence on concentration
and coordinates. (Inversion of components i and j is denoted by i <> j and implies,
first, their transposition in space and,second, the substitution v; <> v;.)

3. Let us consider the case of the two-component mediutm . Formulas obtained in
Sects, 1and 2 are simplified, since everywhere, where the first component is taken as
the separated one, it is necessary to use the substitution ¢ =] = ... =k =2,
which makes it possible to completely discard these subscripts,

Thus, for instance, from {1, 7) we have

Ph.a(RZ%) = (fa(m®) fa(re)) . fo(02)) = (3.1)
Fra) f(ra) - (0n)> = Pa(Ry)

where P, has the meaning of the probability that all of the » points belong to region
U, occupied by the second component . Formulas {2, 5) assume the form

Pr(R,) 2 E 2% D7ty (Rg; Ryeg) (3.2)
Op 4=0
T.(R,) = p 2 (—v2)? Dpgv" (Ry; ﬁn-q)
G’n =0

Dp=rve(1 —vof' + (1 — v} (— )"

It follows from this that in the case of a two-dimensional medium the results cor-
respond to the almost symmetric /V-component medium. However the determination
of central moments by (3.2) yields results that are substantially different from those de-
rived by using (2.10),

In fact,using (2,6 ) we have

m R)=TORIAL R Ah=hy—}, (3.3)

where , as before , the superscript indicates that the first component is taken as the sepa-~
rated one, The singularity of (3.3) is due to that in it the dependence on tensors s
separated from the dependence on coordinates. The first of these is determined by ten-
sor {AA®]? and the second by function T,V (R,). Thus the form of central moments
(3.3) with separated dependence on tensors and coordinates must be considered as spe-
cific to two-component media, A formula similar to (3.3) was obtained in the paper
{*) in which a mixture of two isotropic components was considered.

®) Moskalenko, V,N, and Maslennikov,S, A,, Properties of correlation functions of
characteristics of micro-inhomogeneous material, Collection ; Problems of Reliability in
Structural Mechanics. Theses of proceedings of the Ali-Union Conference, Vil'nius
1971,
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Let us consider the symmetric medium in more detail, The transition from (1.1)
to (2,11} in the case of a two-component medium is effected by the substitution

PO =1—f), 1@=—hH"@ (3.4)

which makes it possible to express functions Pn® and Tn® determined with the use
of £ ,in terms of P, and T,® ,respectively, as follows:

n
POR)= N (1 POR,) TPR)=D"TY  (3,5)
G, =0
Functions Pg’) and T, appearing in the right-hand sides of (3.5) are deter-
mined according to (3,2), in terms of the second component concentration vp and of
functions " and T whose properties are determined by the random field fy(r).
Functions P,® and T,(® can be expressed in the form (3.2), Thenin the case of a
symmetric medium functions ﬂq" and 17:1ﬂ remain unchanged in virtue of (2.9},
i.e, differences in component properties depend only on their concentration, while
functions Pn® and T, are determined by formulas (3.2) in which v; = 1— v
must be substituted for v; . We denote by P, and T, functions P, and 7,0
in which inversion 2 «> { has been effected. We then have

PQ = PP, 1O =T (3.6)
which with (3. 5) yields
n
PO =33 (—1)?PP, TY=(—1yr¥ @.7)
Gn q=0

Formulas (3. 7) obtained as the corollary of the symmetry condition make it pos-
sible to simplify functions P, and T, which eventually results in functions T, being
of the form (2, 14 ).

Using (3, 7) we shall show that 1,2 = 0. When p = 2 we have for function T',,

T = Dyve® + 1:°12 = Dot + 0’1 = TS (3.8)

from which ,owing to ; 5= Vs ,we obtain the sought result,

It will be seen from (3. 8) that the difference between symmetric and arbitrary in-
homogeneous media become apparent already in the calculation of functions 7'y . Pro-
perties of the first case medium are invariant with respect to component inversion 1 «» 2,
hence 7152 = 0 ,while in the second 7% == 0. Let the second medium be a matrix
one, Denoting function 7', in the first and second cases by T',* and 7,™, respectively,

we write
T." (Ry) — To° (Ry) = 022192 (Ry)
Since according to (1,11) and (2.4 ) function Te® vanishes when ft = T2 and|r; —
rz | = oo, the observed discrepancy can only appear in the intermediate region, For

Markovian type media [5] function 7,® is everywhere zero.
A two-component medium considered in [ 2] satisfied the property

P‘n<2} = Pn(l), Tn(e) e Tn(l) (3. g )
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and was called symmetric. It will be seen that the concentrations of both components
is then equal /. Furthermore, in virtue of (3.5) and (3. 9) functions Pomy; reduce
to linear combinations of functions 2,, where n<2m, and 7Tams; vanish. Conditions
(3.9) are the limit case of (3, 6),since for » = 2, = '/2 and fulfilment of the sym -
metry conditions (3, 6) converts to (3,9).

The requirement for identity of statistical properties of components of medium
(3. 9) substantially limits the class of media considered here , Conditions (3.6 ), on the
other hand , represent the extension of the symmetry concept introduced in[2] to a
wider class of two-component media, and conditions (2, 9) extend it further to media
with an arbitrary number of components,
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